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ON EQUATIONS OF MOTION OF A NONLINEAR HYDROELASTIC STRUCTURE

UDC 532.5:539.3P. I. Plotnikov and I. V. Kuznetsov

Formal derivation of equations of a nonlinear hydroelastic structure, which is a volume of an ideal
incompressible fluid covered by a shell, is proposed. The study is based on two assumptions. The
first assumption implies that the energy stored in the shell is completely determined by the mean
curvature and by the elementary area. In a three-dimensional case, the energy stored in the shell
is chosen in the form of the Willmore functional. In a two-dimensional case, a more generic form
of the functional can be considered. The second assumption implies that the equations of motion
have a Hamiltonian structure and can be obtained from the Lagrangian variational principle. In a
two-dimensional case, a condition for the hydroelastic structure is derived, which relates the external
pressure and the curvature of the elastic shell.

Key words: free boundary, variational principle, ideal fluid, hydroelasticity, constraint forces,
Antman equation, Bernoulli law.

1. Equations of Motion in the Lagrangian Coordinates. A long list of publications on the theory of
nonlinear hydroelasticity can be found in [1].

The following notation is needed to formulate the model of a hydroelastic structure, which was first proposed
in [2] to describe waves on the surface of a liquid covered by an ice layer.

Let an ideal incompressible fluid at the time t occupy a domain Ωt in the Euclidean space of points x =
(x1, x2, x3) ∈ R

3. In turn, the shell thickness is assumed to be small, and its mid-surface coincides with the boundary
of the flow domain as geometric positions of points.

We consider the Lagrangian variables ξ = (ξ1, ξ2, ξ3) determining the positions of material particles. Actually,
the coordinate ξ is a label of a material particle chosen more or less arbitrarily.

We assume that the points ξ occupy a certain domain Ω ⊂ R
3 with a smooth boundary Σ. Then, the

positions of the fluid points are characterized by the vector field of displacements x(t, ξ) (ξ ∈ Ω), and the positions
of the shell particles are characterized by the field of displacements y(t, ξ) (ξ ∈ Σ).

In the initial-boundary problems, it is convenient to consider ξ as the positions of material points at the
time t = 0. In this case, we have Ω0 = Ω and ∂Ω0 = Σ. Thus, the boundary of the flow domain and the shell admit
two presentations:

Σx
t : x = x(t, ξ), Σy

t : y = y(t, ξ) for ξ ∈ Σ.

During the joint motion in the general case, the fluid may separate from the shell; hence, the surfaces Σx
t and Σy

t

may fail to coincide. This effect is called the partial filling of the cavity by the fluid. In the present paper, the
effect is ignored, and further considerations are limited to the case with Σx

t = Σy
t . The shell, however, may slip

with respect to the ideal incompressible fluid, which means that x(t, ξ) �= y(t, ξ) for ξ ∈ Σ.

Let us recall the basic facts from the theory of surfaces. If the surface Σ locally admits parametrization
ξ = ξ(�q) = ξ(q1, q2), then the normal vector n and the elementary surface area Σ have the following form in the
coordinates (q1, q2):
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n(ξ(�q )) =
1√
g0

∂q1ξ(�q ) × ∂q2ξ(�q ), dΣ =
√

g0 d�q,
√

g0 =
∣∣∣∂q1ξ(�q ) × ∂q2ξ(�q )

∣∣∣.
If, at each time t, the moving surface Σy

t admits parametrization

Y (t, �q ) = y(t, ξ(�q )),

then the vector of the outward normal to Σy
t and the elementary area are described by the formulas

ν(t, y(t, ξ(�q))) =
1√
gy

t

∂q1Y (t, �q) × ∂q2Y (t, �q ), dΣy
t =

√
gy

t d�q,

√
gy

t =
∣∣∣∂q1Y (t, �q ) × ∂q2Y (t, �q )

∣∣∣. (1)

The components of the metric tensor gij (1 � i and j � 2) and the components of the second quadratic form Lij

(1 � i and j � 2) are given by the equalities

gij = (Yi, Yj), Lij = (ν, ∂qiYj), Yi = ∂qiY , ν =
Y1 × Y2

|Y1 × Y2| .

The doubled mean curvature H is calculated by the formula

H = gijLij , (2)

where gij = (gij)−1.
Similar formulas describe the surface Σx

t , which coincides with Σy
t as the geometric set of points.

The motion of a nonlinear hydroelastic structure is characterized by the velocity fields

v(t, ξ) = ∂tx(t, ξ) for ξ ∈ Ω, u(t, ξ) = ∂ty(t, ξ) for ξ ∈ ∂Ω,

where v is the velocity of the fluid particle and u is the velocity of the shell particle in the Lagrangian coordinates ξi

(i = 1, 2, 3). In addition, the motion is characterized by the density distributions in the corresponding components.
Without losing generality, we assume that the fluid density equals unity. The shell bounding the fluid is

compressible; therefore, it is necessary to use the formula for the density distribution in the shell. Let the density
distribution in the shell at the initial time in the Lagrangian coordinates be defined by the function �0(ξ). This
means that the mass of an arbitrary part of the shell A ⊂ Σ is determined by the equality∫

A

�0(ξ) dΣ.

The law of conservation of mass implies the equality∫
A

�0(ξ) dΣ =
∫

y(t,A)

�(t, ξ) dΣy
t ,

which, in turn, yield the presentation

�(t, ξ) = �0(ξ)
(dΣy

t

dΣ

)−1

= �0(ξ)

√
g0(�q )
gy

t (�q )
. (3)

For simplicity, we assume that the mass is uniformly distributed in the shell at the initial time, i.e., �(0, ξ) =
�0(ξ) = 1. Under these assumptions, the kinetic energy of the fluid Kf and the kinetic energy of the elastic shell
Ke have the form

Kf =
1
2

∫
Ω

|∂tx(t, ξ)|2 dξ,

Ke =
1
2

∫
Σy

t

�(t, ξ)|∂ty(t, ξ)|2 dΣy
t =

1
2

∫
Σ

|∂ty(t, ξ)|2 dΣ.
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Let us put forward the following hypotheses.
1. Equations that describe the nonlinear hydroelastic structure form a dynamic system with a configuration

space (x(t, · ), y(t, · )) ∈ Λ ⊂ L2(Ω)3 × L2(Σ)3 for t ∈ (0, T ).
2. The Lagrangian for the fluid has the form

Lf =
1
2

∫
Ω

|∂tx(t, ξ)|2 dξ.

3. The Lagrangian for the shell has the form

Le =
1
2

∫
Σ

|∂ty(t, ξ)|2 dΣ − W̃ (Σy
t ),

where W̃ (Σy
t ) is the stored (potential) elastic energy of the shell, which is defined in the form of a surface integral

W̃ (Σy
t ) =

1
2

∫
Σy

t

W (
√

gy
t , |H |) dΣy

t ; (4)

the vector of the mean curvature H = Hν and the unit vector of the outward normal ν are described by Eqs. (1)
and (2); dΣy

t is the elementary surface area. This model of the shell is used in the nonlinear theory of elastic shells
(see [3]). It should be noted that the functional W̃ (Σy

t ) depends on the choice of the Lagrangian coordinates and
changes its form if the independent variables are replaced. Thus, presentation (4) depends on the choice of the
coordinate ξ (this issue requires careful consideration in each particular case). In the linear theory of elasticity, this
problem does not arise, because the Lagrangian coordinates in this theory are chosen uniquely as the positions of
particles in a certain unloaded state. It is of interest to consider the case where the functional of the stored energy
is a geometric invariant and does not depend on parametrization chosen. In the class of functionals of the form (4),
there exists only one geometrically invariant representative with a nontrivial dependence on the external curvature,
namely, the so-called Willmore functional (see [4]):

W̃ (Σy
t ) =

1
2

∫
Σy

t

|H |2 dΣy
t .

The role of the Willmore functional in the elasticity theory was noted, e.g., in [3].
4. To derive the equations of motion, we need to describe all constraints imposed on the mechanical system

of motion. It is further assumed that there are two natural constrains. The first constraint is the principle of fluid
incompressibility, which is written as the equation

detDξx(t, ξ) ≡ 1 for ξ ∈ Ω, (5)

where Dξx is the Jacobi matrix of the mapping ξ �→ x(t, ξ). The second constraint reflects the coincidence of the
fluid surface and elastic shell as subsets of the Euclidean space in the course of their motion:

Σx
t = Σy

t . (6)

2. Configuration Manifold Θ. Let us consider the hydroelastic structure as a dynamic system in a linear
space Λ consisting of infinitely differentiable vector fields (x(·), y(·)), where x : Ω → R

3 and y : Σ → R
3. We assume

that Λ has a Hilbertian structure L2(Ω)3 ×L2(Σ)3. Under these assumptions, constraints (5) and (6) determine an
infinite-dimensional configuration manifold Θ ⊂ Λ. Having an induced metrics L2(Ω)3 ×L2(Σ)3, the space Λ is not
complete, and all further considerations have a formal character. The following lemma offers a description of the
tangential space to Θ at the point (x, y) ∈ Θ.

Lemma 1. The tangential space to the manifold Θ at the point (x, y) consists of all vector fields [δx(·), δy(·)],
δx: Ω → R

3 and δy: Σ → R
3, satisfying the equalities

div (M−1δx) = 0 for ξ ∈ Ω; (7)

ν(x(Φ(ξ))) · δx(Φ(ξ)) = ν(y(ξ)) · δy(ξ) for ξ ∈ Σ, (8)

where M = Dξx(ξ) is the Jacobi matrix of the mapping ξ �→ x(ξ), and the diffeomorphism Φ(·): Σ �→ Σ is defined
by the equality
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x(Φ(ξ)) = y(ξ) for ξ ∈ Σ. (9)

Note that the vector (∂tx, ∂ty) for the trajectory of the dynamic system [x(t), y(t)] belongs to the tangential
space Tan(x,y) Θ; hence, conditions (8) and (9) yield the relation

ν(t, x(t, Φ(t, ξ))) · ∂tx(t, Φ(t, ξ)) = ν(t, y(t, ξ)) · ∂ty(t, ξ),

where x(t, Φ(t, ξ)) = y(t, ξ) for ξ ∈ Σ.
Proof of Lemma 1. Let (x, y) ∈ Θ. We assume that M(ξ) = Dξx(ξ) and |M | = detM = 1. Then, the

variation of the constraint equation (5) with respect to x has the form

δ|M | = divξ(M−1δx) = 0 for ξ ∈ Ω,

whence there follows Eq. (7).
We introduce auxiliary functions xμ = xμ(ξ) and yμ = yμ(ξ) depending on the parameter μ ∈ (−1, 1) and

generating the surfaces Σx
μ = xμ(Σ) and Σy

μ = yμ(Σ). The equality Σx = Σy allows the following conditions to be
imposed on the functions xμ and yμ:

x0 = x, y0 = y, Σx
μ = Σy

μ.

Hence, there exists a μ-parametric family of mappings Φμ: Σ → Σ such that

xμ(Φμ(ξ)) = yμ(ξ) for ξ ∈ Σ. (10)

In terms of the theory of Riemann manifolds, the functions x = x(ξ) and y = y(ξ) are called isometric immersions
(see, e.g., [5]); xμ and yμ are the first-order infinitely small bendings of the immersions x and y, respectively:

xμ = x + μ δx + o(μ), yμ = y + μ δy + o(μ), o(μ)/μ → 0 for μ → 0

(δx and δy are the first-order bending fields). By fixing an arbitrary value of ξ ∈ Σ and differentiating Eq. (10)
with respect to μ at μ = 0, we obtain the relation between the bending fields

Dξx(Φ0(ξ))
dΦμ

dμ
(ξ)

∣∣∣
μ=0

+ δx(Φ0(ξ)) = δy(ξ). (11)

As the set {Φμ(ξ)}μ∈(−1,1) is the curve on Σ, then (dΦμ/dμ)(ξ)
∣∣∣
μ=0

is the tangential vector to Σ at the point Φ0(ξ).

Hence, Dξx(Φ0(ξ))(dΦμ/dμ)(ξ)
∣∣∣
μ=0

is the tangential vector to Σx
0 at the point x(Φ0(ξ)). Multiplying Eq. (11) in

a scalar manner by the normal vector to Σx
0 at the point x(Φ0(ξ)) = y(ξ), we obtain Eq. (8). In what follows, we

denote the diffeomorphism Φ0: Σ → Σ by Φ.
As a consequence of Lemma 1, we obtain the following statement for the structure of the space (Tan(x,y) Θ)⊥

orthogonal to the manifold Θ at the point (x, y). Note, by virtue of the choice of the configuration space Θ, the
space orthogonal to Tan(x,y) Θ at the point (x, y) ∈ Θ consists of all vector fields [N(·), L(·)], N : Ω → R

3 and L:
Σ → R

3, satisfying the relation∫
Ω

N(ξ) · δx(ξ) dξ +
∫
Σ

L(ξ) · δy(ξ) dΣ = 0 ∀ (δx, δy) ∈ Tan(x,y) Θ. (12)

The vector fields N and L are called the constraint forces.
Lemma 2. For each point (x, y) ∈ Θ, the space (Tan(x,y) Θ)⊥ consists of the vector fields (N , L) such that

N(ξ) = (M−1)∗∇ξp(ξ) for ξ ∈ Ω,

L(ξ) = − 1
�(ξ)

(p(Φ(ξ)) + C)ν(y(ξ)) for ξ ∈ Σ.

Proof. Let h ∈ C∞
0 (Ω) and divξ h = 0. We choose (δx, δy) ∈ Tan(x,y) Θ in the following form: δx(ξ) =

M(ξ)h(ξ) and δy(ξ) = 0. Hence, Eq. (12) takes the form∫
Ω

N(ξ) · (M(ξ)h(ξ)) dξ = 0.

As h is arbitrary, there exists a function p(ξ) such that
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N(ξ) = (M∗)−1∇ξp(ξ). (13)

We choose an arbitrary vector l(ξ) orthogonal to the normal vector ν(y(ξ)). In Eq. (12), we assume that
δx(ξ) = 0 and δy(ξ) = l(ξ). All tangential vectors l obey the equality∫

Σ

L(ξ) · l(ξ) dΣ = 0,

which yields the presentation of the constraint force

L(ξ) = λ(ξ)ν(y(ξ)). (14)

We have to determine the form of the scalar function λ = λ(ξ). Let k be an arbitrary solenoidal vector field
C∞(Ω) and δx = M(ξ)k(ξ) for ξ ∈ Ω and δy(ξ) = ((M ◦ Φ)(ξ)k ◦ Φ(ξ) · ν(x ◦ Φ(ξ)))ν(x ◦ Φ(ξ)) for ξ ∈ Σ.

Taking into account the equality ν(x ◦ Φ(ξ)) = ν(y(ξ)) for ξ ∈ Σ and substituting presentations (13) and
(14) of the constraint forces N and L to Eq. (12), we obtain the equality∫

Ω

(Mk) · ((M∗)−1∇ξp) dξ +
∫
Σ

(
λ(ξ)((M ◦ Φ)k ◦ Φ) · ν(x ◦ Φ)

)
ν(x ◦ Φ) · ν(x ◦ Φ) dΣ = 0. (15)

As divξ k = 0, we have ∫
Ω

(Mk) · ((M∗)−1∇ξp) dξ =
∫
Σ

p(ξ)k · n dΣ, (16)

where n(ξ) is the unit vector of the outward normal to Σ:

n(ξ(�q )) = ∂q1ξ(�q ) × ∂q2ξ(�q )/
√

g0(�q ),
√

g0(�q ) = |∂q1ξ(�q ) × ∂q2ξ(�q )| for �q ∈ Q,

ξ = ξ(�q ) is local parametrization of Σ.
Using Eq. (16), we write the first integral in the left side of equality (15) in parametric form as∫

Σ

p(ξ)k(ξ) · n(ξ) dΣ =
∫
Q

p̃(�q )k̃(�q ) · ñ(�q )
√

g0(�q ) d�q,

where p̃(�q ) = p(ξ(�q )), k̃(�q ) = k(ξ(�q )), and ñ(�q ) = n(ξ(�q )). Then, Eq. (15) acquires the form∫
Q

p̃(�q )k̃(�q ) · ñ(�q )
√

g0(�q ) d�q +
∫
Σ

(M ◦ Φ)k ◦ Φ · ν(x ◦ Φ)λ(ξ) dΣ = 0. (17)

To simplify the integrand of the second term in the left side of this equality, we find the relation between the vectors
n(ξ) and ν(x(ξ)). Let X = X(�q ) = x(ξ(�q )). We recall that

ν(x(ξ(�q ))) = ∂q1X(�q ) × ∂q2X(�q )/
√

gx(�q ),
√

gx(�q ) = |∂q1X(�q) × ∂q2X(�q )|.
Then,

∂qiX(�q ) =
3∑

k=1

∂qiξk(�q ) ∂ξk
x(ξ(�q )),

which implies that

∂q1X × ∂q2X =
∣∣∣∣ ∂q1ξ1 ∂q1ξ2

∂q2ξ1 ∂q2ξ2

∣∣∣∣ ∂ξ1x × ∂ξ2x +
∣∣∣∣ ∂q1ξ3 ∂q1ξ1

∂q2ξ3 ∂q2ξ1

∣∣∣∣ ∂ξ3x × ∂ξ1x

+
∣∣∣∣ ∂q1ξ2 ∂q1ξ3

∂q2ξ2 ∂q2ξ3

∣∣∣∣ ∂ξ2x × ∂ξ3x =
[
∂ξ2x × ∂ξ3x; ∂ξ3x × ∂ξ1x; ∂ξ1x × ∂ξ2x

]
(∂q1ξ(�q ) × ∂q2ξ(�q )).

Note that

(M∗)−1 =
[
∂ξ2x × ∂ξ3x; ∂ξ3x × ∂ξ1x; ∂ξ1x × ∂ξ2x

]
.
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Hence, we obtain

M∗(∂q1X(�q ) × ∂q2X(�q )) = (∂q1ξ(�q ) × ∂q2ξ(�q )),

which yields the relation between the vectors n(ξ) and ν(x(ξ)):

M∗(ξ(�q ))ν(x(ξ(�q ))) = n(ξ(�q ))

√
g0(�q )
gx(�q )

.

In this equality, we replace parametrization �q → Ψ(�q), where the diffeomorphism Ψ: Q → Q satisfies the identity
Φ(ξ(�q )) = ξ(Ψ(�q )). As a result, we obtain the relation

(M∗ ◦ Φ(ξ(�q )))ν(x ◦ Φ(ξ(�q ))) = n(ξ(Ψ(�q )))

√
g0(Ψ(�q))
gx(Ψ(�q ))

.

Multiplying both sides of this relation in a scalar manner by k ◦ Φ, we obtain

(M ◦ Φ)k ◦ Φ · ν(x ◦ Φ) = k(ξ(Ψ(�q ))) · n(ξ(Ψ(�q )))

√
g0(Ψ(�q ))
gx(Ψ(�q ))

.

The second integral in the left side of Eq. (17) can be presented as an integral with respect to the parameter �q:∫
Σ

((M ◦ Φ)k ◦ Φ) · ν(x ◦ Φ)λ(ξ) dΣ

=
∫
Q

k(ξ(Ψ(�q ))) · n(ξ(Ψ(�q )))

√
g0(Ψ(�q ))
gx(Ψ(�q ))

√
g0(�q )λ(ξ(�q )) d�q. (18)

We apply the replacement of the variables �q → �r = Ψ(�q ) in the integrand in the right side of this equality. In the
new variables, the function ξ(�q ) takes the form Ξ(�r ) = ξ ◦ Ψ−1(�r ). As dΣ is a geometric invariant, we obtain

dΣ =
√

g0(�q ) d�q =
√

G0(�r ) d�r,
√

G0(�r ) = |∂r1Ξ(�r ) × ∂r2Ξ(�r )|.
From here and from Eq. (18), we find that∫

Σ

(M ◦ Φ)k ◦ Φ · ν(x ◦ Φ)λ(ξ) dΣ

=
∫
Q

k(ξ(�r )) · n(ξ(�r ))

√
g0(�r )
gx(�r )

√
G0(�r )λ(ξ(Ψ−1(�r ))) d�r. (19)

Replacing �r by �q in Eq. (19), we write Eq. (17) in the following form:∫
Q

k̃(�q ) · ñ(�q )
√

g0(�q )
(
p̃(�q ) +

√
G0(�q )
gx(�q )

λ(ξ(Ψ−1(�q )))
)

d�q = 0.

As k is an arbitrary solenoidal vector field, we have∫
Σ

k(ξ) · n(ξ) dΣ =
∫
Q

k̃(�q) · ñ(�q )
√

g0(�q ) d�q = 0.

Hence, there exists an unknown constant C such that

λ(ξ(Ψ−1(�q ))) = −
√

gx(�q )
G0(�q )

(p(ξ(�q )) + C).

In the latter equality, we apply the replacement of the variables �q → Ψ(�q ):

λ(ξ(�q )) = −
√

gx(Ψ(�q ))
G0(Ψ(�q ))

(p(ξ(Ψ(�q ))) + C). (20)
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To finish the proof of Lemma 2, it suffices to establish a relation between the fundamental forms gx and
gy. In the notation X(�q ) = x(ξ(�q )), Y (�q ) = y(ξ(�q )), and Φ(ξ(�q )) = ξ(Ψ(�q )), the condition y(ξ) = x ◦ Φ(ξ) is
written as

Y (�q ) = X(Ψ(�q )). (21)

By differentiating condition (21) with respect to qi as

∂qiY (�q ) = ∂qiΨ1(�q ) ∂Ψ1X(Ψ(�q )) + ∂qiΨ2(�q )∂Ψ2X(Ψ(�q )),

we obtain √
gy(�q ) =

√
gx(Ψ(�q )) detDqΨ(�q ).

In the notation used, ξ(�q ) = Ξ(Ψ(�q )), �r = Ψ(�q ), and

∂q1ξ × ∂q2ξ = ∂r1Ξ × ∂r2Ξ detDqΨ(�q ),

which implies that √
g0(�q ) =

√
G0(Ψ(�q )) det DqΨ(�q ).

Thus, we have √
gy(�q )√
g0(�q )

=

√
gx(Ψ(�q ))√
G0(Ψ(�q ))

. (22)

Using Eqs. (20) and (22), we finally obtain

λ(ξ(�q )) = −
√

gy(�q )
g0(�q )

(
p(ξ(Ψ(�q ))) + C

)
= −

√
gy(�q )
g0(�q )

(
p ◦ Φ(ξ(�q )) + C

)
,

which finalizes the proof of Lemma 2.
3. Variation of the Willmore Functional. In calculating the variation, we use the results of [6]. Let

y(·): Σ �→ Σy by a smooth immersion of the manifold Σ in R
3. Let us recall the notation of parametrization of the

surface Σy: Y (�q ) = y(ξ(�q )), where �q = (q1, q2). Let us consider a new immersion

Y (�q ) = Y (�q ) + δY (�q ).

We decompose δY (�q ) into the tangential and normal components:

δY = δ‖Y + δ⊥Y = θ iYi + θν.

Then, the tangential variation of the functional W̃ has the form

δ‖W̃ (Σy) =
1
2

∫
Σy

1√
gy

∂qi(
√

gy θiH2) dΣy =
1
2

∫
Σy

1√
gy

∂qi(
√

gy θiH2) dΣy =
1
2

∫
Σy

div (�θH2) dΣy,

where �θ = (θ1, θ2). As the surface Σy is closed we have δ‖W̃ (Σy) = 0.
The normal variations of H ,

√
gy, and dΣy are calculated by the formulas

δ⊥dΣy = −θH dΣy, δ⊥
√

gy = −θH
√

gy, δ⊥H = Δgyθ + LijL
ijθ,

where Δgy is the Laplace–Beltrami operator defined by the expression

Δgy =
1√
gy

∂qi(
√

gygij∂qj ).

The normal variation of the functional W̃ (Σy) is determined as

δ⊥W̃ (Σy) =
1
2

∫
Σy

δ⊥(H2dΣy) =
∫
Σy

Hδ⊥H dΣy +
1
2

∫
Σy

H2δ⊥(dΣy)

=
∫
Σy

(
H(Δgyθ + LijL

ijθ) − 1
2

θH3
)

dΣy.
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We simplify the expression to∫
Σy

H(Δgyθ + LijL
ijθ) dΣy =

∫
Σy

θ(Δgy H + LijL
ijH) dΣy +

∫
Σy

∇qi(H∇qiθ − θ∇qiH) dΣy.

As Σy is a closed surface, we have ∫
Σy

∇qi (H∇qiθ − θ∇qiH) dΣy = 0.

Hence,

δW̃ (Σy) =
∫
Σy

(
ΔgH +

(1
2

H2 + R
)
H

)
θ dΣy,

where R is the scalar curvature of the surface Σy satisfying the Gauss–Codacci equation

LijL
ij = H2 + R.

4. Lagrangian Principle. Governing Equations of the Hydroelastic Structure. Now we can
derive equations of motion of the hydroelastic structure in the Lagrangian variables. For simplicity, we consider
the case where the stored energy of the shell is defined by the Willmore functional. The governing equations of the
hydroelastic structure with constraints can be derived with the use of the Lagrangian variational principle

δLf − Ñ(δx) + δLe − L̃(δy) = 0 (23)

for all smooth functions (δx, δy). Here the linear functionals Ñ and L̃ are defined by the equalities

Ñ(δx) =
∫
Ω

N(t, ξ) · δx(t, ξ) dξ, L̃(δy) =
∫
Σ

L(t, ξ) · δy(t, ξ) dΣ

(N and L are the constraints). Using Lemma 2 and the expressions δLf , δLe, and δW̃ in explicit form, we write
Eq. (23) as

−
∫
Ω

(
∂2

t x(t, ξ) + (M−1)∗∇ξp(t, ξ)
)
· δx dξ

−
∫
Q

(
∂2

t y(t, ξ(�q )) +
(
Δgy

t
H +

(1
2
H2 + R

)
H

)√
gy

t

g0
ν(t, y(t, ξ(�q )))

− (p(t, Φ(t, ξ(�q ))) + C(t))

√
gy

t

g0
ν(t, y(t, ξ(�q )))

)
· δy√

g0 d�q = 0.

Within the framework of Hypotheses 1–4 (see Sec. 1), the equation in variations (23) is equivalent to the
following boundary-value problem of the dynamics of the hydroelastic structure.

Problem A. We have to find time-dependent diffeomorphisms x(t, ·): Ω �→ Ωt ⊂ R
3 and y(t, ·): Σ �→

Σy
t ⊂ R

3, a function p(t, ·): Ω �→ R, a function C(t), and a family of diffeomorphisms Φ(t, ·): Σ �→ Σ satisfying the
following equations:

x(t, Φ(t, ξ)) = y(t, ξ) for ξ ∈ Σ; (24a)

ν(t, x(t, Φ(t, ξ))) · ∂tx(t, Φ(t, ξ)) = ν(t, y(t, ξ)) · ∂ty(t, ξ) for ξ ∈ Σ; (24b)

∂2
t x(t, ξ) + (M−1(t, ξ))∗ ∇ξp(t, ξ) = 0, detM = detDξx(t, ξ) ≡ 1 for ξ ∈ Ω; (24c)

�(t, ξ)∂2
t y(t, ξ) + (Δgy

t
H + (H2/2 + R)H)ν(t, y(t, ξ))

= (p(t, Φ(t, ξ)) + C(t))ν(t, y(t, ξ)) for ξ ∈ Σ; (24d)

x(0, ξ) = ξ for ξ ∈ Ω, y(0, ξ) = ξ, �(0, ξ) ≡ 1 for ξ ∈ Σ.
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Here H = H(t, y(t, ξ)) is the doubled mean curvature Σy
t at the point y(t, ξ) and ν(t, y(t, ξ)) is the unit vector of

the normal to Σy
t at the point y(t, ξ); the density of the elastic membrane is defined by the formula [see Eq. (3)]

�(t, ξ) =
dΣ
dΣt

(t, y(t, ξ)) =

√
g0(�q )
gy

t (�q )
, (24e)

and �q is an arbitrary local parametrization Σ.
5. Formulation of the Problem in the Eulerian Variables. In the Eulerian formulations, the functions

depend on the Cartesian coordinates x = (x1, x2, x3) and the time variable t. Let us recall that the fluid occupies
the domain Ωt with the boundary Σx

t at each time instant t ∈ [0, T ]. Let

QT =
⋃

t∈(0,T )

Ωt × {t}, ST =
⋃

t∈(0,T )

Σx
t × {t}.

The vector of the normal to ST is denoted by ν = ν(x, t), as in the Lagrangian coordinates. We use v(x, t) =
∂tx(t, ξ(x, t)) to denote the fluid velocity and u(y, t) = ∂ty(t, ξ(y, t)) to denote the membrane velocity. Let the
material surface ST of the domain occupied by the fluid be defined by the equation F (x, t) = 0. Hence, the fluid
velocity satisfies the kinematic condition

∂tF (x, t) + v · ∇xF (x, t) = 0 for F (x, t) = 0.

In the Eulerian formulation, it makes no sense to distinguish between x and y; hence, in what follows, we
use u(x, t) instead of u(y, t). Then, Eq. (24b) is written in the form

v(x, t) · ν(x, t) = u(x, t) · ν(x, t) for (x, t) ∈ ST .

As ν ×∇xF = 0 and v · ν = u · ν, we obtain the second kinematic condition

∂tF (x, t) + u · ∇xF (x, t) = 0 for F (x, t) = 0.

In the new notation, system (24c) is written in the form of the classical system of the Euler equations for the
dynamics of an ideal fluid

∂tv + v · ∇x v + ∇x p = 0, divx v = 0 for (x, t) ∈ QT .

Equation (24d) for u acquires the form

ρ∂tu + ρ u · ∇xu + (Δgx
t
H + (H2/2 + R)H)ν = (p + C(t))ν for F (x, t) = 0.

Let us derive the transport equation for density. For this purpose, we involve several auxiliary facts of
differential geometry. If

x(t + τ, ξ) = x(t, ξ) + τu(x(t, ξ), t) + O(τ2),

then the first variation of the surface area is written as
d

dτ

√
gx(t + τ, ξ)

∣∣∣
τ=0

= tr {S(x, t)Dxu(x, t)∗S(x, t)}√gx
t ,

where S(x, t) = I − ν(x, t) ⊗ ν(x, t). Using the notation

divΣx
t

u = tr {S(x, t)Dxu(x, t)∗S(x, t)}, (25)

we obtain

∂tρ(x, t) + u(x, t) · ∇xρ(x, t) = ∂t�(t, ξ)

= −
√

g0

gx
t

∂t

√
gx(t, ξ) = −

√
g0

gx
t

divΣx
t

u = −ρ divΣx
t

u,

which yields the transport equation for density

∂tρ(x, t) + u(x, t) · ∇xρ(x, t) + ρ divΣx
t

u = 0.

As a result, we obtain the following problem equivalent to Problem A.
Problem B. We have to find a curvilinear cylinder QT with the side boundary ST , vector fields v: QT �→ R

3,
u: ST �→ R

3, and functions p: QT �→ R and ρ: ST �→ R satisfying the following equations and boundary conditions:
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∂tv + v · ∇xv + ∇xp = 0, divx v = 0 for (x, t) ∈ QT ,

ρ∂tu + ρu · ∇xu + (Δgx
t
H + (H2/2 + R)H

)
ν = (p + C(t))ν for F (x, t) = 0;

(26a)

∂tρ + u · ∇xρ + ρ divΣx
t

u = 0 for F (x, t) = 0,

∂tF (x, t) + v · ∇xF (x, t) = ∂tF (x, t) + u · ∇xF (x, t) = 0 for F (x, t) = 0.
(26b)

Here the equation F (t, x) = 0 defines the surface ST ; the operator divΣx
t

is defined by Eq. (25).
These equations have to be supplemented by the initial data:

Ωt

∣∣∣
t=0

= Ω, Σx
t

∣∣∣
t=0

= Σ,

v(x, 0) = v0(x), divx v0 = 0, x ∈ Ω,

S(x, 0)u(x, 0) = us(x), x ∈ Σ,

ρ(x, 0) = ρ0(x), x ∈ Σ.

The presence of the potential mass forces

f(x) = −∇xΠ(x)

does not exert any significant effect on the form of the equations. In this case, the Lagrangians Lf and Le have the
form

Lf =
1
2

∫
Ω

|∂tx(t, ξ)|2 dξ −
∫
Ω

Π(x(t, ξ)) dξ,

Le =
1
2

∫
Σ

|∂ty(t, ξ)|2 dΣ − W̃ (Σy
t ) −

∫
Σ

Π(y(t, ξ)) dΣ.

Hence, in the Eulerian formulation (26), Eqs. (26a) are replaced by the equations

∂tv + v · ∇xv + ∇xp + ∇xΠ = 0, divx v = 0 for (x, t) ∈ QT ,

ρ ∂tu + ρu · ∇xu + (Δgx
t
H + (H2/2 + R)H

)
ν + ρ∇xΠ = (p + C(t))ν for (x, t) ∈ ST .

6. Two-Dimensional Motion. In the case of two spatial variables, the equations of motion become much
simpler. With allowance for applications to the problem of surface waves in a pool covered by an elastic film,
we assume that the domain Ωt occupied by the fluid has the form Ωt = {�x = x1

�i + x2
�j, x2 < η(x1, t)}, where

η = η(x1, t) is a function periodic with respect to the variable x1. The surface Σt = {�x, x2 = η(x1, t)} is unknown
and is determined in the course of solving the problem.

By virtue of the assumed absence of separation of the shell from the free surface of the fluid [in the plane
(�i,�j)], the free surface of the shell admits parametrization

Σt = {�y: �y = �r(t, s), s ∈ R},
where the displacement vector �r(t, s) is a periodic function of the Lagrangian variable s.

We consider auxiliary vectors �a and �b and new functions α and β:

�a =
∂s�r

|∂s�r| ,
�b =

∂s�a

|∂s�a| , α = |∂s�r |, β = |∂s�a |.

Obviously, �a ·�b = �a · ∂s�a = �b · ∂s
�b = 0. We can readily conclude that

∂s
�b = �a�a · ∂s

�b = −�a ∂s�a ·�b = −�aβ.

In this notation, we have√
gy

t (s) = α(t, s), �H =
1
α

∂s

( 1
α

∂s�r
)

=
1
α

∂s�a =
β

α
�b, | �H | =

β

α
.
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Let Γt = {�y = �r(t, s), 0 ≤ s ≤ 2π}. Let us recall that �r(t, s) is a periodic function of the variable s. Without
losing generality, we assume that the following condition is satisfied.

Condition 1. At the initial time, the curve Γ0 is a straight line:

�r(0, s) = s�i, 0 ≤ s ≤ 2π.

The density �0 is already subjected to the condition of a uniform distribution of matter in the shell at the
initial time: �0 = 1. Under these conditions, the law of conservation of mass (24e) means that

�(t, s) =
1

|∂s�r(t, s)| =
1

α(t, s)
. (27)

Let us consider the Lagrangian function Le for the membrane

Le = Ke − W̃ (Γt) − Ep,

where Ke is the kinetic energy, W̃ (Γt) is the stored elastic energy, and Ep is the potential of energy due to gravity.
The kinetic energy of the elastic membrane is determined by the equality

Ke =
1
2

∫
Γt

�(t, s)|∂t�r |2 dΓt =
1
2

∫
Γt

�(t, s)|∂t�r |2α(t, s) ds =
1
2

2π∫
0

|∂t�r |2 ds.

In turn, the stored elastic energy W̃ (Γt) is presented as

W̃ (Γt) =
1
2

∫
Γt

W
(√

gy
t (s), | �H(t, s)|

)
dΓt =

1
2

2π∫
0

W
(
α,

β

α

)
α ds.

The function E(λ, σ) = W (λ, σ)λ is subjected to the condition of convexity with respect to the variable λ.
For the gravity field �g = −g�j acting in the plane (�i,�j) [�g = −∇yΠ(�y ) and Π(�y ) = gy2], we calculate the

potential of energy due to gravity

Ep =
∫
Γt

�(t, s)Π(�r(t, s)) dΓt =

2π∫
0

�(t, s)Π(�r(t, s))α(t, s) ds =

2π∫
0

Π(�r(t, s)) ds.

We can easily see that the variations of the functionals Ke and Ep are determined by the equalities

δEp = g

2π∫
0

�j · δ�r ds, δKe = −
2π∫
0

∂2
t �r · δ�r ds.

Calculating the variation of the functional of the stored elastic energy is a more difficult problem and requires
special consideration. For brevity, the sign of the dependence on t is omitted.

We express α and β via new unknowns k and q:

α =
√

q, β =
√

qk.

Note that q = |∂s�r |2 and k = |∂s�a |2/|∂s�r |2. The expression for the integral functional of elastic energy takes the
form

W̃ (Γt) =
1
2

2π∫
0

F (q, k) ds,

where F (q, k) = W
(√

q,
√

k
)√

q. Then, to find the variation

δW̃ (Γt) =
1
2

δ

2π∫
0

F (q, k) ds =
1
2

2π∫
0

(
∂qF δq + ∂kF δk

)
ds

it is sufficient to calculate δq and δk by the formulas
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δq = δ|∂s�r |2 = 2∂s�r · ∂sδ�r = 2
√

q �a · ∂sδ�r,

δk = δ
|∂s�a |2
|∂s�r |2 = −2

|∂s�a |2
|∂s�r |4 ∂s�r · ∂sδ�r + 2

1
|∂s�r |2 ∂s�a · ∂sδ�a = −2k

q
∂s�r · ∂sδ�r

+
2
q

∂s�a · ∂sδ�a = − 2k√
q

�a · ∂sδ�r + 2

√
k√
q

�b · ∂s

( 1√
q

∂sδ�r − �a√
q

(�a, ∂sδ�r )
)

= − 2k√
q

�a · ∂sδ�r + 2

√
k√
q

�b · ∂s

( 1√
q

∂sδ�r
)
− 2

√
k√
q

�b · ∂s

( �a√
q

(�a, ∂sδ�r )
)

= − 2k√
q

�a · ∂sδ�r + 2

√
k√
q

�b · ∂s

( 1√
q

∂sδ�r
)
− 2k√

q
�a · ∂sδ�r

= − 4k√
q

�a · ∂sδ�r + 2

√
k√
q

�b · ∂s

( 1√
q

∂sδ�r
)
,

where

δ�a =
1√
q

∂sδ�r − 1√
q

�a�a · ∂sδ�r, ∂s�a =
√

qk�b, �a =
∂s�r√

q
.

It follows that

1
2

δ

2π∫
0

F (k, q) ds =

2π∫
0

((√
q ∂qF − 2k√

q
∂kF

)
�a − 1√

q
∂s

(√
k√
q

∂kF �b
))

· ∂sδ�r ds.

As ∂s
�b = −√

qk�a, this equality can be written in the form

1
2

δ

2π∫
0

F (k, q) ds =

2π∫
0

((√
q ∂qF − k√

q
∂kF

)
�a − 1√

q
∂s

(√
k√
q

∂kF
)
�b

)
· ∂sδ�r ds.

Let us return to the variables α and β in the right side of this equality. If we introduce a new function E = E(α, β)
as

E(α, β) = F (α2, β2/α2) ≡ αW (α, β/α),

then the expressions at the vectors �a and �b are turned to

√
q ∂qF − k√

q
∂kF = α ∂qF − β2

α3
∂kF =

1
2

∂αE(α, β),
β

α2
∂qF =

1
2

∂βE(α, β).

Finally, we obtain

δW̃ (Γt) = −
2π∫
0

∂s

(
U�a − 1

α
(∂sV )�b

)
· δ�r ds,

where U = ∂αE(α, β) and V = ∂βE(α, β).
Let the domain Ω occupied by the fluid at the initial time have the form {(ξ1, ξ2) ∈ R

2: ξ2 � 0}. Then,
the boundary of the domain Ω is R. Such a choice of the domain Ω is caused by Condition 1. We assume that
�ξ-parametrization of the domain boundary �x(t, Ω) is chosen so that |∂ξ1�x(t, ξ1, 0)| = 1 for ξ1 ∈ R. Then, the
condition of the absence of separation of the elastic shell from the fluid surface takes the form

�x(t, S(t, s), 0) = �r(t, s), s ∈ R,

where S(t, ·): R �→ R is a family of diffeomorphisms. Let us differentiate this equation with respect to s:

∂sS(t, s) =
|∂s�r(t, s)|

|∂ξ1�x(t, S(t, s), 0)| = |∂s�r(t, s)| =
1

�(t, s)
.
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In accordance with the Lagrangian variational principle, we obtain

∂2
t �r − ∂s

(
U�a − (∂sV )

α
�b
)

+ g�j = α(p(t, S(t, s), 0) + C(t))�b,

where S(t, ·): R �→ R is the diffeomorphism. For p = 0 and C = 0, this equation coincides with Antman’s equation
[7]. Taking into account Eq. (27) for the density �, we write the last equation in the form

� ∂2
t �r − � ∂s(U�a − � (∂sV )�b ) + � g�j = (p(t, S(t, s), 0) + C(t))�b.

Repeating the reasoning of Sec. 5, we present the Lagrangian function for the fluid in explicit form:

Lf =
1
2

∫
Ω

|∂t�x(t, �ξ )| d�ξ − g

∫
Ω

x2(t, �ξ ) d�ξ.

Following the Lagrangian principle, we obtain

∂2
t �x(t, �ξ) + (M−1(t, �ξ ))∗∇ξp(t, �ξ ) + g�j = 0, M = Dξ�x(t, �ξ ).

Summarizing the results of this section, we obtain the following problem.
Problem C. We have to find a field of displacements of the fluid �x(t, �ξ ) for �ξ ∈ Ω and the field of dis-

placements of the membrane �r(t, s), functions p(t, �ξ) and C(t), and diffeomorphism S(t, ·): R �→ R to satisfy the
equations

�x(t, S(t, s), 0) = �r(t, s) for s ∈ R,

�b(t, s) · ∂t�x(t, ξ1, 0)
∣∣∣
ξ1=S(t,s)

= �b(t, s) · ∂t�r(t, s) for s ∈ R,

∂2
t �x(t, �ξ ) + (M−1(t, �ξ ))∗∇ξp(t, �ξ ) + g�j = 0, det M(t, �ξ ) = 1 for �ξ ∈ Ω, (28)

� ∂2
t �r − � ∂s(U�a − � ∂sV �b ) + �g�j = (p(t, S(t, s), 0) + C(t))�b for s ∈ R,

�x(0, �ξ ) = �ξ for ξ ∈ Ω, �r(0, s) = s�i, �(0, s) ≡ 1 for s ∈ [0, 2π],

where

M = Dξ�x(t, �ξ ), �(t, s) =
1

|∂s�r(t, s)| =
1

∂sS(t, s)
,

U = ∂α(αW (α, β/α)), V = ∂β(αW (α, β/α)),

�a =
∂s�r

|∂s�r| ,
�b =

∂s�a

|∂s�a| , α = |∂s�r|, β = |∂s�a|, Ω = {(ξ1, ξ2) ∈ R
2: ξ2 � 0}.

We write Eqs. (28) in the Eulerian coordinates. Note, as the function �r(t, s) for a fixed t is a 2π-periodic
function, we can present the vectors �a and �b with the use of a new unknown function, which is the angle of
deformation θ(t, s):

�a = cos θ �i + sin θ �j, �b = − sin θ �i + cos θ �j;

thereby, ∂sθ = β = |∂s�a|.
We use S to denote the arc abscissa on the curve Γt. Then, we have

Γt = {�y: �y = �x(t, S) ≡ �r(t, s(S, t))}.
As |∂S�x(t, S)| = 1, then S is a Eulerian variable. Hence, the expressions for velocity �u = �u(�x, t), density ρ = ρ(�x, t),
and angle of deformation θ̃ = θ̃(S, t) of the elastic membrane have the form

�u(�x, t)
∣∣∣
�x=�x(t,S)

= ∂t�r(t, s)
∣∣∣
s=s(S,t)

,

ρ(�x, t)
∣∣∣
�x=�x(t,S)

= �(t, s)
∣∣∣
s=s(S,t)

,
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θ̃(S, t) = θ(t, s)
∣∣∣
s=s(S,t)

.

We introduce the notation

�s(S, t) = �a(t, s)
∣∣∣
s=s(S,t)

= cos(θ̃(S, t))�i + sin (θ̃(S, t))�j,

�n(S, t) = �b(t, s)
∣∣∣
s=s(S,t)

= − sin (θ̃(S, t))�i + cos (θ̃(S, t))�j.

By virtue of the kinematic condition on the free boundary, we have

� ∂2
t �r(t, s)

∣∣∣
s=const

= ρ (∂t�u + �u · ∇x�u )
∣∣∣
�x=const

.

We can readily see that

α(t, s)−1
∣∣∣
s=s(S,t)

= ρ(�x, t)
∣∣∣
�x=�x(t,S)

= ∂Ss(S, t), β(t, s)
∣∣∣
s=s(S,t)

= ∂S θ̃(S, t) ρ(�x, t)−1
∣∣∣
�x=�x(t,S)

.

Note that the parametrization s = s(S, t) was chosen with the aim of satisfying the equality

∂S

∣∣∣
S=const

=
1
α

∂s

∣∣∣
s=const

.

In what follows, we use f ′ instead of ∂Sf to shorten the recording. Hence, we have
1
α

∂s

(
U�a − ∂sV

α
�b

)
= (P�s − Q′�n )′,

where P (ρ, θ̃′) = ∂1E(1/ρ, θ̃′/ρ) and Q(ρ, θ̃′) = ∂2E(1/ρ, θ̃′/ρ); ∂1 and ∂2 denote differentiation with respect to the
first and second arguments, respectively.

Similar to derivation of the equations for Problem B, we obtain the following equations. The equation of
motion for the membrane in the Eulerian coordinates acquires the form

ρ
(
∂t�u + �u · ∇x �u ) − (P�s − Q′�n )′ + ρg�j = (p(�x, t) + C(t))�n, �x = �x(t, S). (29a)

The function ρ satisfies the law of conservation of mass

∂tρ + �u · ∇xρ + ρ divΓt �u = 0 for �x = �x(t, S). (29b)

The pressure p and the fluid velocity �v = �v(�x, t) satisfy the equations

∂t�v + �v · ∇x�v + ∇xp + g�j = 0, divx �v = 0,

where t ∈ (0, T ); �x belongs to a curvilinear half-plane bounded by the curve �x = �x(t, S). Then, the constraint
equation (absence of separation) has the form

�u · �n = �v · �n, �x = �x(t, S).

7. Steady-State Problem. Let us assume that the sought functions in the Eulerian coordinates are
independent of t. As �u · �n = �v · �n = 0 and �x = �x(S) on the free boundary, the membrane velocity can be defined as
a product of the tangential vector and an unknown scalar function ũ = ũ(S):

�u ◦ �x(S) = ũ(S)�s(S).

Then, the law of conservation of mass (29b) acquires the form

(ρ̃ũ)′(S) = 0, (30a)

where ρ̃(S) = ρ ◦ �x(S).
In turn, Eq. (29a) takes the form

ρ̃ũ(ũ�s )′ − (P�s − Q′�n )′ + ρ̃g�j = (p(�x(S), t) + C(t))�n.

With allowance that �n′ = −θ̃′�s and �s = θ̃′�n, Eq. (29a) is written in projections as

ρ̃ũũ′ − P ′ − Q′θ̃′ + ρ̃g sin θ̃ = 0; (30b)

ρ̃ũ2θ̃′ − P θ̃′ + Q′′ + ρ̃g cos θ̃ = p(�x(S)) + C. (30c)
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Equations (30a) and (30b) admit two integrals. The first integral follows from the law of conservation of
mass

ρ̃(S)ũ(S) = C1 = const.

Taking into account the general form of the functions P and Q,

P (ρ̃, θ̃′) = ∂1E
(1

ρ̃
,
θ̃′

ρ̃

)
, Q(ρ̃, θ̃′) = ∂2E

(1
ρ̃
,
θ̃′

ρ̃

)
,

we can turn the expression P ′ + Q′θ̃′ to ρ̃Ψ′, where

Ψ(ρ̃, θ̃′) =
1
ρ̃

∂1E
(1

ρ̃
,
θ̃′

ρ̃

)
+

θ̃′

ρ̃
∂2E

(1
ρ̃
,
θ̃′

ρ̃

)
− E

(1
ρ̃
,
θ̃′

ρ̃

)
.

As �x(S) = (x1(S), x2(S)) and x′
2(S) = sin θ̃(S), Eq. (30b) can be written as

ρ̃
d

dS

(1
2

ũ2 + Ψ(ρ̃, θ̃′) + gx2

)
= 0,

whence there follows the second integral

ũ2/2 = C2 − Ψ(ρ̃, θ̃′) − gx2.

8. Bernoulli Law. The following expressions are valid on the free boundary x = x(S):

ρ̃(S)ũ(S) = C1,

u(S)2 = C2 − 2Ψ(ρ̃(S), θ̃′(S)) − 2gx2(S);
(31a)

ρ̃(S)ũ(S)2θ̃′(S) + (P (ρ̃(S), θ̃′(S))θ̃′(S))′ − (Q(ρ̃(S), θ̃′(S)))′′ + ρ̃(S)g cos θ̃(S) = p(x(S)) + C (31b)

[S is the arc length and θ̃′(S) is the curvature]. Resolving the algebraic system (31a) with respect to the quantities ρ̃

and ũ and substituting them into Eq. (31b), we can obtain one dynamic condition relating the boundary curvature
θ̃′ to the pressure p.

This work was supported by the Russian Foundation for Basic Research (Grant No. 07-01-00309) and
Program of Integration Fundamental Research of the Siberian Division of the Russian Academy of Sciences (Grant
No. 2.1).

REFERENCES

1. M. A. Il’gamov. Introduction into Nonlinear Hydroelasticity [in Russian], Nauka, Moscow (1991).
2. J. F. Toland, “Heavy hydroelastic travelling waves,” Proc. Roy. Soc. London, Ser. A, 463, 2371–2397 (2007).
3. G. Friesecke, R. James, and S. Muller, “A theorem on geometric rigidity and the derivation of nonlinear plate

theory from three dimensional elasticity,” Comm. Pure Appl. Math., 35, No. 11, 1461–1506 (2002).
4. T. Willmore, Total Curvature in Riemannian Geometry, John Wiley and Sons, New York (1982).
5. I. Ivanova-Karatopraklieva, P. E. Markov, and I. Kh. Sabitov, “Bending of surfaces. III,” Fundam. Prikl. Mat.,

12, 3–56 (2006).
6. R. Capovilla and J. Guven, “Stresses in lipid membranes,” J. Phys. A, 35, 6233–6247 (2002).
7. S. S. Antman, Nonlinear Problems of Elasticity, Springer-Verlag, New York (1995).

680



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


